Rules for integrands of the form u (a + bLog[c (d + ex")P])1

. m __ Pg[x]™ (1-F[x])
0: qu[x] Log[F[x]] dx whenmeZ A C-== T

Derivation: Integration by substitution

Basis: If C == PelXL-CEL then Pg [x]™ Log [F[x] ] = C Subst [ 180, x, F[x] ] oxF[x]

[x]" (1-F[X
OxF [X]

Rule:lfmez A C = o L) then

Log [x]

dx, X, u] — CPolylLog[2, 1-u]
1-x

JPq [X]™Log[F[x]] dx — CSubst [j

Program code:

Int[Pq_”m_.xLog[u_],x_Symbol] :=
With[{C=FullSimplify[Pqm« (1-u)/D[u,x]]},
CxPolylLog[2,1-u] /;
FreeQ[C,x]]| /;
IntegerQ[m] && PolyQ[Pq,x] && RationalFunctionQ[u,x] && LeQ[RationalFunctionExponents[u,x] [[2]],Expon[Pq,x]]



Rules for integrands involving logarithms

1. j(a+bLog[c (d+ex")?])%ax

1: JLog[c (d+ex")?] ax

Derivation: Integration by parts

Rule:

xn

JLog[c (d+ex")?] dx — xLog|c (d+ex“)p]—enpj dx

d+ex"

Program code:

Int[Log[c_.*(d_+e_.*x_"n_)"p_.],x_Symbol] :=
xxLog[cx (d+exx~n) *p] - exnxpxInt[x*n/ (d+exx"n),x] /;
FreeQ[{c,d,e,n,p},X]



Rules for integrands involving logarithms

2. J(a+bLog[c (d+ex")?])%dx when qez* A (q=1V nez)

e\pq\a
1: J(a+bLog[c (d+—) ]) dx when qez*
X

Derivation: Integration by parts

Rule: If g € z7, then

1

J(a+bLog[C (d+s)p])qd1x — (e a0 (a+bLog[C (d+§)p])q * bequ(aerLog[c (d+i)p])q_ dx

X d d X

Program code:

Int[(a_.+b_.xLog[c_.*(d_+e_./x_)"p_.1)"q_,x_Symbol] :=
(e+d*x) * (a+bxLog[c* (d+e/x)p])~q/d + bxexpxq/d+Int[ (a+bxLog[c* (d+e/x)” p])”(q-1)/x,x] /;
FreeQ[{a,b,c,d,e,p},x] && IGtQ[q,0]

2: J(a+bLog[c (d+ex")?])%dx when qez* A (q=1V nez)

Derivation: Integration by parts

Rule:lf geZ*A (=1 V neZ),then

p1ra e x" (a+blog[c (d+ex")p])q'1
(a+bLlog[c (d+ex")?])"dx — x (a+blLog[c (d+ex")?])%-benpq y - dx
+ex

Program code:

Int[(a_.+b_.xLog[c_.*(d_+e_.*x_"n_)"p_.]1)"q_,x_Symbol] :=
X* (a+bxLog[cx (d+exx*n)~p])~q - bxexnxpxq*xInt[X*n* (a+bxLog[c* (d+exx*n) p])~*(q-1) / (d+exx”*n),x] /;
FreeQ[{a,b,c,d,e,n,p},x] && IGtQ[q,0] && (EqQ[q,1] || IntegerQ[n])



Rules for integrands involving logarithms

x: J(a+bLog[c (d+ex")?])%dx when -1<n<1 A (n>0 Vv qez*)

Derivation: Integration by substitution
Basis: If k e 7", then Fx"] = kSubst[x"‘1 F[xk"], X, xl/k] B, x17k

Rule:lf -1<n<1 A (n>0 VvV qez"),letk - Denominator[n],then

j(a+bLog[c (d+ex")?])%ax — kSubs‘t[Jx"'1 (a+bLog[c (d+ex*")P])%ax, x, xl/k]

Program code:

(* Int[(a_.+b_.xLog[c_.*(d_+e_.*x_"n_)"p_.]1)"q_,x_Symbol] :=
With[{k=Denominator[n]},
k*Subst[Int[x"(k—l)*(a+b*Log[c*(d+e*x"(k*n))"p])"q,x],x,x"(l/k)]] /;

FreeQ[ {a,b,c,d,e,p,q},x] & & LtQ[-1,n,1] && (GtQ[n,0] || IGtQ[q,0]) =*)



Rules for integrands involving logarithms

3: J(a+bLog[c (d+ex")?])%dx when neF

Derivation: Integration by substitution
Basis: If k e 7", then Fx"] = kSubst[x"‘1 F[xk"], X, xl/k] B, x17k

Rule: If n € F, letk - Denominator[n], then

J(a+bLog[c (d+ex")?])%ax — kSubs‘t[Jx"'1 (a+bLog[c (d+ex*")P])%ax, x, xl/k]

Program code:

Int[(a_.+b_.xLog[c_.*(d_+e_.*x_"n_)"p_.1)"q_,x_Symbol] :=
With[{k=Denominator[n]},
k*Subst [Int [x” (k-1) * (a+bxLog[c* (d+e*x” (k%n))~p])~q,Xx] ,X, X" (1/k) ] ] /3
FreeQ[{a,b,c,d,e,p,q},x] && FractionQ[n]

u: J(a+bLog[c (d+ex")?])%ax

Rule:

J(a+bLog[c (d+ex")?])%ax — J(a+bLog[c (d+ex")?])*ax

Program code:

Int[(a_.+b_.xLog[c_.*(d_+e_.*x_"n_)"p_.]1)"q_,x_Symbol] :=
Unintegrable[ (a+bxLog[c* (d+exx"n)~p])~q,x] /;
FreeQ[{an,ch,eJn)pJq})x]



Rules for integrands involving logarithms

N: J(a+bLog[cvp])qdlx when v=d + e x"

Derivation: Algebraic normalization
Rule: If v == d + e x", then

J(a+bLog[cvp])qu - j(a+bLog[c (d+ex")?])ax

Program code:

Int[(a_.+b_.xLog[c_.*v_“p_.]1)"q_.,x_Symbol] :=
Int[ (a+bxLog[cxExpandToSum[v,x]"p])~q,x] /;
FreeQ[{a,b,c,p,q},x] & BinomialQ[v,x] && Not[BinomialMatchQ[v,Xx] ]



Rules for integrands involving logarithms

2. j(fx)"' (a+bLog[c (d+ex")?])"ax

n n

1. J(-Fx)'" (a+bLlogfc (d+ex")?])%dx whenq=1 v ("'"162 A ('"+1 >0V qez'))

1: Jx'" (a+bLog[c (d+ex")?])%ax when ez A (™:>0 Vv qez*)

Derivation: Integration by substitution
Basis: If % € Z,thenx™ F[x"] == % Subst {xm;l‘l FIx], X, x”} Oy X"

Rule:If ™t ez A (™% >@ Vv qez"),then

1 mel
Jx’" (a+bLog[c (d+ex")?])%ax — —Subst[J T (a+blog[c (d+ex)?])%ax, x, x"]
n

Program code:

Int[x_"m_.*(a_.+b_.xLog[c_.x(d_+e_.*x_"n_)"p_.]1)"q_.,x_Symbol] :=
1/n+Subst[Int[x (Simplify[ (m+1) /n]-1)« (a+bxLog[cx (d+exx)”p])~q,x],X,x*n] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] && IntegerQ[Simplify[(m+1)/n]] && (GtQ[ (m+1)/n,0] || IGtQ[q,0]) &&% Not[EqQ[q,1] && ILtQ[n,0] && IGtQ[m,0]]



Rules for integrands involving logarithms

2: J-(fx)'" (a+blog[c (d+ex")?]) dx whenmy -1

Reference: G&R 2.728.1, CRC 501, A&S 4.1.50"
Derivation: Integration by parts and piecewise constant extraction

Rule: If m # -1, then

(-Fx)"l+1 (a+bLog[c (d+ex")?]) i benp J~x"‘1 (fx)'""ld]x

£x)" bL d "P1) a
j( x)" (a+bLog[c (d+ex")?]) dx — P P

d+ex"

Program code:

Int[(f_.#x_)™m_.%(a_.+b_.xLog[c_.x(d_+e_.*x_"n_)"p_.]),x_Symbol] :=
(F2x)~ (m+1) * (a+bxLog[cx (d+exx n) ~p]) / (Fx (m+1)) -
bxexnxp/ (fx (m+1) ) +Int[x" (n-1) # (Fxx)~ (m+1) / (d+exxn),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && NeQ[m,-1]



Rules for integrands involving logarithms

3: J(fx)'" (a+bLog[c (d+ex")?])?dx when mn;lez A (m;—1>0 Vqez*)

Derivation: Piecewise constant extraction

Basis: 0y (X" - ¢

XITI

Rule:If ™t ez A (™1 >@ Vv qez'),then

(Fx)"

xm

J(fx)"' (a+blog[c (d+ex")?])%ax — Jx’" (a+blLog[c (d+ex")?])*ax

Program code:

Int[(f_»x_)"m_x(a_.+b_.xLog[c_.x(d_+e_.*x_"n_)"p_.]1)"q_.,x_Symbol]| :=
(F#x) Am/x msInt [x mx (a+bxLog [Cx (d+exxn) Ap])~q,X] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q},x] && IntegerQ[Simplify[(m+1)/n]] & (GtQ[(m+1)/n,8] || IGtQ[q,O])

2: j(fx)m (a+blog[c (d+ex")?])dx whenq-1ez*Anez A m¢-1

Derivation: Integration by parts

Rule:lf g-1e€z*Anez A m# -1, then

(£x)™* (a+bLog[c (d+ex")P])? __benpgq J-(-Fx)"“" (a+bLog|c (d+ex")"])°":l ix

£x)" bL d M PT)%a
J( x) (a+ og[c( +ex) ]) X — e D) e D)

d+ex"

Program code:

Int[(f_.*x_)™m_.x(a_.+b_.xLog[c_.(d_+e_.*x_"n_)"p_.])"q_,x_Symbol] :=

(F*x)~ (m+1) * (a+bxLog[cx (d+exxn) Ap]) ~q/ (fx (m+1)) -

brexnxpxq/ (£ nx (m+1) ) #Int [ (Fxx)" (m+n) » (a+bxLog[c* (d+exx n)~p])~(q-1) / (d+exx*n) ,x]| /;
FreeQ[{a,b,c,d,e,f,m,p},x] & IGtQ[q,1] & IntegerQ[n] && NeQ[m,-1]



Rules for integrands involving logarithms

3. J(-Fx)'" (a+bLog[c (d+ex")?])?dx when neF

1: Jx"‘ (a+bLogf[c (d+ex")?])?dx when neF

Derivation: Integration by substitution
Basis: If k € 27, then x"F[x"] = k Subst [xk (M- F[xkn], x, xt/k] g,x*/k

Rule: If n € F, letk - Denominator[n], then

jx’" (a+blog[c (d+ex")?])*dx — kSubst [Jx" ™1 (a+blog[c (d+ex")P])"ax, x, xl/"]

Program code:

Int[x_"m_.x(a_.+b_.xLog[c_.*x(d_+e_.*x_“n_)"p_.]1)"q_,x_Symbol] :=
With[{k=Denominator[n]},
k*Subst[Int[x"(k*(m+1)—1)*(a+b*Log[c*(d+e*x"(k*n))"p])"q,x],x,x"(l/k)]] /3

FreeQ[{a,b,c,d,e,m,p,q},x] & & FractionQ[n]

10



Rules for integrands involving logarithms

2: J(fx)'" (a+blog[c (d+ex")?])?dx whenneF

Derivation: Piecewise constant extraction

Basis: 0y (X" - ¢

XITI

Rule: If n € F, then

(Fx)"

xm

J(fx)"' (a+blog[c (d+ex")?])%ax — Jx’" (a+blLog[c (d+ex")?])*ax

Program code:
Int[(f_»x_)"m_x(a_.+b_.xLog[c_.x(d_+e_.*x_"n_)"p_.]1)"q_.,x_Symbol]| :=

(F#x) Am/x msInt [x mx (a+bxLog [Cx (d+exxn) Ap])~q,X] /;
FreeQ[{a,b,c,d,e,f,m,p,q},x] && FractionQ[n]

u: j(fx)m (a+bLlog[c (d+ex")?])"ax

Rule:

f(fx)"' (a+bLogfc (d+ex")P])¥dx — J(-Fx)'" (a+bLog[c (d+ex")?])"dx

Program code:

Int[(f_.*x_)™m_.x(a_.+b_.*Log[c_.(d_+e_.*x_"n_)"p_.])"q_.,x_Symbol] :=
Unintegrable[ (fxx)~m« (a+bxLog[cx (d+exx*n)~p])~q,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q},x]

11



Rules for integrands involving logarithms

N: J(fx)m (a+blLog[cvP])%dx whenv=d+ex"

Derivation: Algebraic normalization
Rule: If v == d + e x", then

j(fx)m(a+bLog[cvp])qu = j(fx)'"(a+bLog[c (d+ex")?])%ax

Program code:

Int[(f_.*x_)™m_.x(a_.+b_.xLog[c_.*v_"p_.1)"q_.,x_Symbol] :=
Int[ (f*x)~m« (a+bxLog[cxExpandToSum[v,x]"p])~q,x] /;
FreeQ[{a,b,c,f,m,p,q},x] & BinomialQ[v,x] & Not[BinomialMatchQ[v,x] ]

12



Rules for integrands involving logarithms

3. j(f+gx)r (a+bLog[c (d+ex")?])"ax

1. J‘(-F+gx)r (a+blog[c (d+ex")?]) dx whenrez*Vv neR

dx when neR

. a+blog[c (d+ex")?]
. J f+gx

Derivation: Integration by parts

Basis: a, (a+bLog[c (d+ex")p]) __ benpx?

d+e x"

Rule: If n € R, then

J~a+bLog[c(d+ex")p] Log[f+gx]| (a+bLog[c (d+ex")’]) benp ~x"*Log[f+gX]
dx — - J dx

f+gx g g d+ex"

Program code:

Int[(a_.+b_.xLog[c_.x(d_+e_.*x_"n_)"p_.1)/(f_.+g_.#x_),x_Symbol] :=
Log [f+g»X] » (a+bxLog[c* (d+exx"n)~p]) /g -
bxexnxp/g+Int[x” (n-1) xLog [f+g+x]/ (d+exxn),x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x] && RationalQ[n]

2: J(f+gx)r (a+blog[c (d+ex")?]) dx when (rez*Vv neR) A r#-1

Reference: G&R 2.728.1, CRC 501, A&S 4.1.50'
Derivation: Integration by parts
Basis: a, (a +b Log[c (d + ex")p]) = benpx™

d+e x"

Rule:lf (rez*V neR) A r+ -1,then



Rules for integrands involving logarithms

)r+1

(1:+gx)"+1 (a+bLog[c (d+ex")?]) benp J~x"‘1 (F+egx

f r bL d "P1) a
J( +gx)" (a+ og[c( rex") ]) X — C D Cre D)

d+ex"

Program code:

Int[(f_.+g_.#x_)~r_.#(a_.+b_.xLog[c_.*(d_+e_.+x_"n_)"p_.1),x_Symbol] :=
(‘F+g*x)"(r‘+1)*(a+b*Log[C* (d+exx*n)~p]) / (g* (r+l)) -
brexnxp/ (g (r+1) ) xInt[x" (n-1) » (F+g#x)~ (r+1) /(d+exx”n),x] /;
FreeQ[{a,b,c,d,e,f,g,n,p,r},x| && (IGtQ[r,0] || RationalQ[n]) & NeQ[r,-1]

u: f(f+gx)r (a+bLog[c (d+ex")?])%ax

Rule:

J(f+gx)r (a+bLog[c (d+ex")"])qd1x R J‘(.“gx)" (a+blog|c (d+ex")P])qd]X

Program code:

Int[(f_.+g_.#x_) r_.*(a_.+b_.xLog[c_.*(d_+e_.*x_"n_)"p_.1)"q_.,x_Symbol] :=
Unintegrable[ (f+gx)~r« (a+bxLog[cx (d+exx*n)~p])~q,x] /;
FreeQ[{a,b,c,d,e,f,g,n,p,q,r},X]

dx

14



Rules for integrands involving logarithms

N: Ju" (a+blog[cv’])%dx whenu=Ff+gx A v=d+ex"

Derivation: Algebraic normalization
Rule:lf u=Ff+gx A v==d+ex"then

Jur (a+blLog[cv’])%dx — J~(f+gx)r (a+blog[c (d+ex")?])%ax

Program code:

Int[u_”~r_.x(a_.+b_.xLog[c_.*v_"p_.]1)"q_.,x_Symbol] :=
Int [ExpandToSum[u,x]"r* (a+bxLog[cxExpandToSum[v,x]”*p])~q,x] /;
FreeQ[{a,b,c,p,q,r},x] &% LinearQ[u,x] && BinomialQ[v,x] && Not[LinearMatchQ[u,x] && BinomialMatchQ[v,x]]

4. J(hx)"‘ (F+gx)" (a+bLog[c (d+ex")?])*ax

1: Jxm (F+gx)" (a+bLlog[c (d+ex")?])?dx whenmez A rez

Derivation: Algebraic expansion

Rule: If mez A rez, then

fx’“ (F+gx)" (a+bLog[c (d+ex")?])%dax — j(a +blog[c (d+ex")?])? ExpandIntegrand[x" (f+gx)", x] dx

Program code:

Int[x_"m_. (f_.+g_.#X_) r_.*(a_.+b_.xLog[c_.x(d_+e_.*x_"n_)"p_.1)~q_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxLog[cx (d+exx"n)~p])~q,xmx (f+g*x)~r,x],x] /;
FreeQ[{a,b,c,d,e,f,g,n,p,q},x]| && IntegerQ[m] && IntegerQ[r]

15



Rules for integrands involving logarithms

2: J(hx)'“ (F+gx)" (a+bLog[c (d+ex")?])?*dx whenmeF Anez Arez

Derivation: Integration by substitution

Basis: If k € Z*, then (hx)"F[x] = Esubst[xk ™D-2F[X], x, (hx)*] 8, (hx)"*

Rule:lf meF AneZ A reZ,letk =Denominator [m], then

q
dx, x, (h x)l/k]

m r n\pP q k k (m+1) -1 gxk ‘ exkn P
f(hx) (F+gx)" (a+bLog[c (d+ex")?])%dx — ;Subst[jx( )Ly - a+bLog[c d+ - ]

Program code:

Int[ (h_.xx_) m_ (f_.+g_.*X_)"r_.x(a_.+b_.«Log[c_.(d_+e_.*x_"n_.)"p_.1)~q_.,x_Symbol] :=

With [ {k=Denominator[m]},

k/hxSubst [Int[x” (kx (m+1) -1) » (f+g*x"k/h) ~r« (a+bxLog[cx (d+exx" (kxn) /h*n) ~p]) ~q,X],X, (h*x)~(1/k) || /;
FreeQ[{a,b,c,d,e,f,g,h,p,r},x] & FractionQ[m] && IntegerQ[n] && IntegerQ[r]

u: j(hx)'" (F+rgx)" (a+blLog[c (d+ex")?])%ax

Rule:

J(hx)m (F+gx)" (a+bLog[c (d+ex")"]) dx — J(hx)m (F+gx)" (a+bLog[c (d+ex")?])"dx

Program code:

Int[ (h_.xx_ ) m_.x (f_.+g_.#X_) r_.*(a_.+b_.xLog[c_.x(d_+e_.*x_"n_)"p_.]1)"q_.,x_Symbol]| :=
Unintegrable[ (hxx) “m« (f+g#x)~r« (a+bxLog[cx (d+exx*n)~p])~q,x] /;
FreeQ [ {a: b,c,d,e,f,g,h,m,n,p,q, r‘}JX]

16



Rules for integrands involving logarithms

N: J(hx)'“ur (a+blog[cvP])%dx whenu=Ff+gx A v=d+ex"

Derivation: Algebraic normalization
Rule:lf u=Ff+gx A v==d+ex"then

J(hx)'“u" (a+bLog[cvP])dx — J(hx)'" (F+gx)" (a+bLog[c (d+ex")P])"dx

Program code:

Int[(h_.*x_)"m_.*u_"r_.x(a_.+b_.xLog[c_.*v_"p_.])"q_.,x_Symbol] :=
Int[ (h*x) “mxExpandToSum[u,x]~r* (a+bxLog[c*ExpandToSum[v,x]"p])"~q,x] /;
FreeQ[{a,b,c,h,m,p,q,r},x] &% LinearQ[u,x] && BinomialQ[v,x] && Not[Linear‘MatchQ[u,x] && BinomialMatchQ[v,x]]

5. J(f+gx5)" (a+blLog[c (d+ex")?])%ax

dx when nez

. J-a+bLog[c (d+ex")?]

f+gx?

Derivation: Integration by parts

Rule: If nez, letus 2= ax, then

1
firg x?

u Xn—l

dx

J-a+bLog[c (d+ex")?]

. - dlx—>u(a+bLog[c(d+ex")p])—benpj
+gX

d+ex"

Program code:

Int[(a_.+b_.xLog[c_.x(d_+e_.*x_"n_)"p_.1)/(f_+g_.*x_"2),x_Symbol] :=
With[{u=IntHide[1/(f+g*x"2),x]},
ux (a+bxLog[c* (d+exx*n)*p]) - b*e*n*p*Int[u*x"(n—l)/(d+e*x"n),x]] /3
FreeQ[{a,b,c,d,e,f,g,n,p},x| && IntegerqQ[n]



Rules for integrands involving logarithms

2: J(f+gx5)'" (a+bLlogf[c (d+ex")P])*dx whennez A qez*Arez Asez

Derivation: Algebraic expansion

Rule:If nez A qez* A rez A s-1ez,then

J(f+gxs)" (a+blog[c (d+ex")?])%dax — J(a +blog[c (d+ex")?])? ExpandIntegrand[ (f +gx*)", x] dx

Program code:

Int[(f_+g_.*Xx_"s_)~r_.#(a_.+b_.xLog[c_.*(d_+e_.*x_"n_)"p_.]1)"q_.,x_Symbol] :=
With[{t=ExpandIntegrand| (a+bxLog[cx (d+exx"n)~p])~q, (f+g+x"s)~r,x]},
Int[t,x] /;

sumQ[t]] /;

FreeQ[{a,b,c,d,e,f,g,n,p,q,r,s},x] & IntegerQ[n] & IGtQ[q,0] && IntegerQ[r] && IntegerQ[s] &&
(EqQ[q,1] || GtQ[r,0] && GtQ[s,1] || LtQ[s,0] && LtQ[r,0])
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Rules for integrands involving logarithms

3: J(-F+gx5)'" (a+bLog[c (d+ex")?])?dx when neF A sDenominator[n] €z

Derivation: Integration by substitution
Basis: If k Z*,then Fxn = k Subst [x** F[x"], x, x*/¥] g, x*/k

Rule: If n € F, letk - Denominator[n],if ks € Z, then

J(-F+gx5)r (a+bLogfc (d+ex")?])%dax — kSubst[Jx"'1 (F+gx“*)" (a+bLog[c (d+ex*")?])%ax,

Program code:

Int[(f_+g_.*Xx_"s_)~r_.#(a_.+b_.xLog[c_.*(d_+e_.#x_"n_)"p_.1)"q_.,x_Symbol] :=
With[{k=Denominator[n]},
kxSubst [Int [x” (k-1) » (F+g*x" (kxs) ) ~r (a+bxLog [c* (d+exx” (kxn))~p]) ~q,Xx]|,X,x* (1/k) ] /;
IntegerQ[kss]] /;
FreeQ[{a,b,c,d,e,f,g,n,p,q,r,s},x] & FractionQ[n]

u: J(-F+gx5)r (a+bLog[c (d+ex")?])*ax

Rule:

J.(1:+gx5‘)r (a+bLogc (d+ex")p])qdlx — j(f+gxs)r (a+blLog|c (d"exn)p])qdlx

Program code:

Int[(f_+g_.*x_"s_)~r_.(a_.+b_.xLog[c_.*(d_+e_.*x_"n_)"p_.]1)"q_.,x_Symbol] :=
Unintegrable[ (f+g#Xx"s)~r« (a+bxLog[cx (d+exx"n)*p])~q,x]| /;
FreeQ[{a,b,c,d,e,f,g,n,p,q,r,s},x]

X, Xl/k]
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Rules for integrands involving logarithms

N: Ju" (a+blog[cv’])%dx whenu=f+gx* A v=d+ex"

Derivation: Algebraic normalization
Rule:lf u==f+gx® A v=d+ex" then

ju" (a+blog[cvP])%dx — J(f+gxs)r (a+blLog[c (d+ex")?])%ax

Program code:

Int[u_”~r_.x(a_.+b_.xLog[c_.*v_"p_.]1)"q_.,x_Symbol] :=
Int [ExpandToSum[u,x]"r* (a+bxLog[cxExpandToSum[v,x]”*p])~q,x] /;
FreeQ[{a,b,c,p,q,r},x] &% BinomialQ[{u,v},x] && Not[BinomialMatchQ[{u,v},x]]

6. J(hx)"‘ (F+gx®)" (a+blLog[c (d+ex")?])%ax

m+1
n

m+1
n

1: Jxm(f+gx5)r(a+bLog[c (d+ex")p])qd1xwhenr'eZ/\ieZ/\ €z A (™=>0Vqez")

Derivation: Integration by substitution

m+1

Basis: If ™1 ¢ 7, thenx" F[x"] = 1 Subst[x " YEIX], X, x”} Oy X"
n n

Rule:ifrez n 2ez A ™ez A (™ >0V gez),then

n n

Jx“‘ (F+gx®)" (a+blLog[c (d+ex")?])%ax — ESubst[J. i (f+gx§‘)r (a+blog[c (d+ex)P])%dx, x, x"]
n

Program code:

Int[x_"m_. (f_+g_.*X_"s_)"r_.#(a_.+b_.xLog[c_.*(d_+e_.+x_"n_)"p_.]1)"q_.,x_Symbol] :=
1/n+Subst[Int[x (Simplify[ (m+1) /n]-1)« (f+g*x"(s/n) ) r (a+bxLog[c+ (d+exx)~p])~q,x],x,x n] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q,r,s},x] & IntegerQ[r] && IntegerQ[s/n] && IntegerQ[Simplify[(m+1)/n]] && (GtQ[(m+1)/n,@] || IGtQ[q,0])
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Rules for integrands involving logarithms

2: Jx"‘ (F+gx®)" (a+blog[c (d+ex")?])%dx whenqez* AmezZ Arez Asez

Derivation: Algebraic expansion

Rule:If gez*Amez A rez A sez, then

Jx"‘ (F+gx*)" (a+blog[c (d+ex")?])%dax — J(a +blog[c (d+ex")?])? ExpandIntegrand [x" (f +gx*)", x] dx

Program code:

Int[x_"m_. (f_+g_.*X_"s_)"r_.#(a_.+b_.xLog[c_.*(d_+e_.+x_"n_)"p_.1)"q_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxLog[cx (d+exx*n)~p]) g, x mx (f+g*xs)~r,x],x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q,r,s},x] & IGtQ[q,0] & IntegerQ[m] && IntegerQ[r] && IntegerQ[s]

? jx’" (F+gx*)" (a+blLog[c (d+ex")?])%dx when neF A mDenominator[n] €z A sDenominator[n] €z

Derivation: Integration by substitution
Basis: If k € z*, then Fx"] = k Subst [x** F[x"], x, x*/¥] g, x*/k
Rule: If n € F, letk - Denominator[n],if kmeZ A ks € Z,then

Jx“‘ (F+gx®)" (a+blLog[c (d+ex")?])%ax — kSubst[jx"'1 (F+gx**)" (a+bLog[c (d+ex*")?])*ax, x, xl/k]

Program code:

Int[(f_+g_.*Xx_"s_)~r_.+(a_.+b_.xLog[c_.*(d_+e_.+x_"n_)"p_.]1)"q_.,x_Symbol] :=
With[{k=Denominator[n]},
kxSubst [Int[x” (k-1)  (F+g»x" (k#S) ) ~r (a+bxLog[c* (d+exx” (kxn) ) p])~q,X] ,X,x*(1/k) | /;
IntegerQ[kss]] /;
FreeQ[{a,b,c,d,e,f,g,n,p,q,r,s},x] & FractionQ[n]
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Rules for integrands involving logarithms

3: Jx"‘ (F+gx®)" (a+blLog[c (d+ex")?])%dx whenneF A %ez A iez

Derivation: Integration by substitution
Basis: If % € Z,thenrx"] = %Subst[xi"1 FIX], X, X"] 8, x"
Rule: If ner A lez A iez,then

Jx"‘ (F+gx®)" (a+blLog[c (d+ex")?])%ax — ESubst[J me -1 (Frgx’")" (a+bLog[c (d+ex)P])¥dx, x, x"]
n

Program code:

Int[x_"m_. (f_+g_.*X_"s_)~r_.#(a_.+b_.xLog[c_.*(d_+e_.+x_"n_)"p_.]1)"q_.,x_Symbol] :=
1/n%Subst [Int[x" (m+1/n-1) » (F+g*x" (s/n) ) ~rx (a+bxLog[cx (d+exx) ~p]) ~q,X],X,x*n] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q,r,s},x] & FractionQ[n] & IntegerQ[1/n] && IntegerQ[s/n]
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Rules for integrands involving logarithms

4: J(hx)'“ (F+gx®)" (a+blLog[c (d+ex")?])%dx whenmeF A nez A sez

Derivation: Integration by substitution

Basis: If k € Z*, then (hx)"F[x] = Esubst[xk ™D-2F[X], x, (hx)*] 8, (hx)"*

Rule:lf meF AneZ A s eZ,letk =Denominator [m],then

q

st
& dx, X, (hx)l/k]

r kn\p
j(hx)m(f+gxs)"(a+bLog[c (d+ex")?])%ax — ESubstU.xk(’""l)‘1 [f+ - ] (a+bLog[c [d+e):‘ ]]

Program code:

Int[ (h_.xx_) m_» (f_.+g_.*X_"s_.)"r_.x(a_.+b_.*Log[c_.(d_+e_.*x_"n_.)"p_.1)~q_.,x_Symbol] :=

With [ {k=Denominator[m]},

k/hxSubst [Int [x” (kx (m+1) -1) » (f+g»x" (kxS) /h"s) ~r (a+bxLog[c* (d+exx” (kxn) /h"n) *p]) ~q,X] ,X, (h*x)~ (1/k) |] /3
FreeQ[{a,b,c,d,e,f,g,h,p,r},x] & FractionQ[m] && IntegerQ[n] && IntegerQ[s]

u: j(hx)'" (F+rgx®)" (a+blog[c (d+ex")?])%ax

Rule:

J(hx)“‘ (F+gx®)" (a+blog[c (d+ex")?])%dax — J(hx)’" (F+gx*)" (a+blog[c (d+ex")?])%dx

Program code:

Int[ (h_.*x_)"m_. (f_+g_.*Xx_"s_)~r_.(a_.+b_.xLog[c_.*(d_+e_.*x_"n_)"p_.]1)"q_.,x_Symbol] :=
Unintegrable[ (hxx) “m# (f+g*x"s) ~r (a+bxLog[c* (d+exx”n)"p])~q,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,p,q,r,s},x]
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Rules for integrands involving logarithms

N: J(hx)'“ur (a+blog[cvP])%dx whenu=f+gx* A v=d+ex"

Derivation: Algebraic normalization
Rule:lf u==f+gx® A v=d+ex" then

J(hx)'"u'" (a+bLog[cvP])?ax — J(hx)’" (F+gx")" (a+bLog[c (d+ex")?])%ax

Program code:

Int[(h_.*x_)"m_.*u_"r_.x(a_.+b_.xLog[c_.*v_"p_.])"q_.,x_Symbol] :=
Int[ (h*x) “mxExpandToSum[u,x]~r* (a+bxLog[c*ExpandToSum[v,x]"p])"~q,x] /;
FreeQ[{a,b,c,h,m,p,q,r},x] & BinomialQ[{u,v},x] && Not[BinomialMatchQ[{u,v},x]]

Log[f x9]" bL d )P
7: J og[ X] (a+ og[c( +ex) ]) dx whenm# -1

X

Derivation: Integration by parts

- L gim qim+l
Basis: toglextl= . 5, Loglexl
X q (m+1)

Rule: If m # -1, then

dx —
x q (m+1) q (m+1)

JLog[-qu]m (a +bLog[c (d+ex")p]) Log[fxq]"'+1 (a+bLog[c (d +ex")p]) benp jx"‘l Log[-Fx“]'"+1
- dx

d+ex"

Program code:

Int[Log[f_.#x_"q_.] m_.x(a_.+b_.xLog[c_.x(d_+e_.*xx_"n_)"p_.1)/x_,x_Symbol] :=
Log [f*x"q]~ (m+1) * (a+bxLog[C* (d+exx”n)"p]) / (g (m+1)) -
bxexnxp/ (qx (m+1) ) xInt [x" (n-1) xLog [fxx"q] " (m+1) / (d+exx"n),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q},x] && NeQ[m,-1]
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Rules for integrands involving logarithms

8: JAr‘cTr‘ig[fx]'" (a+blog[c (d+ex")?]) dx whenmez* A n-1ez*

Derivation: Integration by parts

Rule:lf mez*An-1€ez letu— JAr‘cTrig [ x]™dx, then

u Xn—l

jAr‘cTrig[fx]m (a+blog[c (d+ex")?]) dx — u (a+bLog[c (d+ex")?]) —bean. dx

d+ex"

Program code:

Int[F_[f_.#x_]~m_.x(a_.+b_.xLog[c_.x(d_+e_.*x_"n_)"p_.]),x_Symbol] :=
With[{u=IntHide[F[fxx]"m,x]},
Dist[a+bxLog[cx (d+exx"n)~p],u,x] - bxexnspxInt[SimplifyIntegrand [uxx"(n-1)/(d+exx*n),x1,x]|] /;
Fr‘eeQ[{a,b,c,d,e,-F,p},x] && Member‘Q[{ArcSin,ArcCos,ArcSinh,ArcCosh},F] && IGtQ[m,0] && IGtQ[n,1]
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Rules for integrands involving logarithms

Rules for integrands of the form u (a + bLog[c (d + ex")P])1

1: -J-(a+bLog[c (d+e (f+gx)")P])%dx whenqez* A (q=1V nez)

Derivation: Integration by substitution

Rule:lf qeZ*A (q=1V nez),then

J(a+bLog[c (d+e (f+gx)")?])*ax — iSubst[J(a+bLog[c (d+ex")?])*ax, x, -F+gx]

Program code:

Int[(a_.+b_.xLog[c_.»(d_+e_.x(f_.+g_.*x_)"n_)"p_.])"q_.,x_Symbol] :=
1/g+Subst[Int[ (a+bxLog[c* (d+exx"n) p])~q,x],x,f+g*x]| /;
FreeQ[{a,b,c,d,e,f,g,n,p},x| && IGtQ[q,0] && (EqQ[q,1] || IntegerQ[n])

u: J(a+bLog[c (d+e (f+gx)")])%ax

Rule:

J(a+bLog[c (d+e (Frgx)")P])%dax — J(a+bLog[c (d+e (F+gx)")P])%ax

Program code:

Int[(a_.+b_.Log[c_.(d_+e_.x(f_.+g_.*x_)"n_)"p_.])"q_.,x_Symbol] :=
Unintegrable[ (a+bxLog[cx (d+ex (f+g+x)~n)~p])~q,x] /;
FreeQ [ {a: b,c,d,e,f,g,n, P;CI} ,X]
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Rules for integrands involving logarithms
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